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In syntactic anti-unification, one is concerned with finding the commonalities between terms, while
(uniformly) abstracting their differences. The original goal of anti-unification development in the
seventies was to automate inductive reasoning. Recent applications of anti-unification techniques
include efficiently transforming sequential code into parallel code, detecting code clones, and pre-
venting software failures. Previous work addressed the elements required to verify, in the Prototype
Verification System (PVS), termination and soundness of a functional algorithm based on inference
rules for syntactic anti-unification. This paper dissects all aspects required to formally establish the
completeness of the rule-based algorithm, highlighting the significant differences in the formaliza-
tions of anti-unification and unification.
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1 Introduction

Motivation and Contextualization

Generalization is the scientific principle of drawing broad conclusions from specific observations, aiming
to identify patterns or laws that hold beyond the original cases studied. In logic, this idea of generaliza-
tion is formalized by a concept called anti-unification. It consists of finding the common structure and
uniformly abstracting over differences when comparing two objects of a certain type, and it was first
investigated and developed independently in the 1970s by Plotkin [33]] and Reynolds [35]].

Given terms s and ¢, one says that s is more general than t (or that ¢ is more specific than s) and
writes s < t iff there exists a substitution ¢ such that s¢ = ¢. The relation < is known as instantiation
preorder [|16]]. A generalizer for two terms s and ¢ is a term r such that »r < s and r <¢. The =<-
minimal generalizers for s and ¢ are called least general generalizers for s and ¢. Thus, the syntactic anti-
unification problem can be formally stated as: For terms s and #, construct their least general generalizers.
It is known that syntactic anti-unification is of type unitary [22,29], i.e., any instance of the problem has
a unique solution (up to renaming). For instance, the terms X, f(X,Y), f(g(X,Y),Z), and f(g(X,Y),X)
are generalizers for f(g(c,d),c) and f(g(g(u,v),v),g(u,v)), but only f(g(X,Y),X) is their least general
generalizer.

The first procedural algorithms for solving the syntactic anti-unification problem were presented
independently by Plotkin [33]] and Reynolds [35] in the 1970s. Their algorithm essentially reads the pair
of input expressions, identifies the smallest positions where conflicts occur, and uniformly assigns fresh
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2 Anti-Unification Completeness Analysis in PVS

variables to those positions [35]]. That allows the construction of the least general generalizer as being
the join in a certain complete non-modular lattice whose order is > [|35]]. Huet presented an algorithm in
1976 in [28] by means of a recursive function A that acts in the form A (s,7) = f(A(s1,11),..., A (Sm,tm))
if s = f(s1,...,5m) and t = f(t1,...,tn) and A(s,7) = @(s,7) otherwise, where ¢ is a bijection between
pairs of terms and variables (ensuring that A solves conflicts uniformly). A good exposition of that
algorithm is presented by Lassez et al. in [29].

Rule-based procedures for anti-unification were presented by Pfenning [32]] for the Calculus of Con-
structions, by Alpuente et al. 3] for order-sorted generalization, by the same authors for anti-unification
modulo associativity and commutativity [4], and by Baumgartner et al. [20]] for simply-typed lambda-
terms in 7-long B-normal forms, among others. Alpuente et al.’s proofs of completeness were non-
constructive and relied on the anti-unification type; in the syntactic case, for instance, on the fact that
syntactic anti-unification is unitary. A more preferred proof of completeness for rule-based algorithms
would be constructive, as the one presented in this paper.

Real-world applications of anti-unification are, for instance, the identification of regularities in se-
quential code to transform it into efficient parallel code [[18]]; preventing failures and detecting errors in
software [30]]; repairing software bugs [|17,24,39]]; detecting code cloning and plagiarism [[21,/38]]; main-
taining mathematical or software libraries [27}34]; detecting similarities among chemical compounds to
infer their carcinogenicity [5]. An open-source library of anti-unification algorithms (implemented in
Java) for first- and second-order unranked terms, higher-order patterns, and nominal terms was presented
in [19]]. The paper [22] surveys the state-of-the-art in theory and applications of anti-unification.

Surprisingly, the current interest in the practical applications of anti-unification techniques has not
yet been followed by the development of formal, mechanically verified certificates in proof assistants.
That situation contrasts with the case for unification, where one aims to identify two expressions. For
instance, successful work related to the formalization of unification and matching in interactive theorem
provers are the ones developed in [23]] for AC-matching (in Coq), in [8]] for nominal C-matching through
unification with protected variables (also in Coq), in [[10] for nominal unification, in [[13]] for nominal
C-unification, in [[11]] for nominal AC-matching, and in [14] for AC-unification (all in PVS). Advanc-
ing this line of research to provide formal certificates for proof assistants for anti-unification techniques
and to strike a balance between theoretical development and practical application is of utmost impor-
tance. The only formalization of an anti-unification algorithm known to date is due to [9] for syntactic
anti-unification. In that work, an algorithm for syntactic anti-unification is specified in PVS, and its
termination and soundness are mechanically verified. Only the formal certificate for completeness re-
mained to be constructed, and providing such a construction is the goal of the current work. Completing
that work is of utmost importance, for it will allow the extraction of certified executable code of a sound
and complete algorithm for syntactic anti-unification.

This paper formally studies the additional requirements that are essential for proving the complete-
ness of algorithms based on the standard anti-unification inference rules (see Figure ] that appear in [9].
The main motivation of this study is to understand in detail the greater complexity of proofs required for
anti-unification compared to those for formalizations of unification algorithms (e.g., [[6,[36}37]). In [9]],
for formalizing soundness, important differences were highlighted, particularly in the cases of detection
of solved and syntactically equal problems. In anti-unification, two crucial aspects concern the treatment
of such problems. The former corresponds to equational questions between terms headed by different
(function) symbols. In contrast, the latter corresponds to trivial (i.e., syntactically equal atomic) prob-
lems in which the terms are either the same constant or the same variable. Surprisingly, most of the
formalization work (more than 90%, as quantified in [9]]) for verifying the anti-unification algorithm was
devoted to these two kinds of apparently straightforward cases. For obtaining a formal proof, the rigor-
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ous analysis of these cases requires more elaboration than the one usually devoted to the completeness
of anti-unification in pen-and-paper proofs (e.g., [[1,28},33L[35]]).

In unification, if a problem is what we call a solved problem above in the context of anti-unification,
one has a failure because terms with different head function symbols can not be unified; and syntactically
equal problems are trivially resolved using the identity substitution. In anti-unification, the situation is
completely different. A solved equation does not mean a failure, but the detection of a difference in the
structure of the terms being compared. That difference is recorded in the computed substitution of the
current configuration. In fact, unlike unification, anti-unification never fails. To solve the general case
of anti-unification, one should proceed by further checking for other occurrences of the same difference,
thereby detecting all possible regularities.

In anti-unification, the decomposition of the problem is guided by mutually distinct labels associated
with subproblems of the input problem and by a substitution that records the problem’s structure. As
soon as a solved subproblem is detected, it is stored separately. The essential elements for addressing
solved and syntactic equations for formalizing soundness in [9]] include preservation properties for the
sets of labels of the unsolved and solved subproblems, and for the variables in the domain and the image
of the computed substitution.

Main Contribution

* For the formalization of completeness, we discuss why the preservation properties developed for
soundness together with the adjustments of generalizer notions (Subsection [3.2) are enough to
address the inference rules for decomposition.

* Although the required notions for dealing with the cases of solved and syntactic rules in the sound-
ness proof were much more elaborate than those required for unification, these notions were not
enough for formalizing anti-unification completeness. We introduce the required additional el-
ements in notions such as arbitrary generalizers so that a series of invariance and preservation
properties are guaranteed; among them, properties that assure that the steps of the algorithm do
not change anti-unification problems, and that the partially computed solutions can always be re-
fined into generalizers that are less general than any arbitrary generalizer (Subsection [3.1]). Based
on these properties, a restricted notion of generalizer is introduced (Subsection [3.2).

* Finally, using the restricted notion of generalizer, we formalize (Subsection 3.3 the completeness
theorem (stated as Theorem [20) and obtain as a corollary the main result that states the complete-
ness of the algorithm regarding arbitrary generalizers (Corollary [21).

Organization

Section [2| presents the required background following standard nomenclature on anti-unification, which
is the one used in the formalization [9]. Section [3]is the kernel of the paper. Subsection [3.1] presents
the additional notions required to record preservation and invariance properties that compile the history
of the algorithm’s computation. Subsection [3.2] presents the adjustments required to address complete-
ness; then, Subsection [3.3] discusses how solved and syntactic subproblems are treated. Subsection [3.4]
discusses the analysis of decomposition rules. Finally, Section [ concludes and briefly discusses fu-
ture work. Several points in the paper include links to the specification (&). An extended version of
this paper & presents quantitative information on a direct approach for dealing with the decomposition
inference rules.
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2 Background

The background related to terms, substitutions, and configurations is present in [9] and will be restated
here to provide the proper vocabulary. The set of ferms is generated by the standard nominal grammar
s;tz=c | X | () | (s,¢) | fsadapted from [12], where c¢ stands for constants, X stands for variables,
s and ¢ stand for terms, (s,7) stands for pairs of terms, () stands for the um’tﬂ f stands for function
symbols, and fs stands for functional applications. It is specified in PVS by means of the abstract data
type (ADT) [first_order_term &, requiring types for constants, function symbols, and variables as
parameters. A basic substitution is a binding (X + ), where X is a variable and 7 is a term. A substitution
is a finite list of basic substitutions (the identity substitution is the empty list 1). Those are specified in
PVS in the theory first_order_substitution &' using pairs and lists of these pairs. The laction of a
substitution on a term & is standard. The domain of a substitution ¢ is denoted by dom(o ) &'. The set of
variables in its range is denoted by rvars(c). The substitutions recognized by the predicate nice? &
defined in the previous theory are the most important and widely employed in the specification.

Example 1 (Niceness). A substitution (X, +— t1) -+ (X — ty) is nice iff vars(t;,) N { X;,..., X } =0 and
Xi#Xjforalli,j=1,...,mwithi# j. Forinstance, (X — (Y,Z)) (W — fX) is nice, while (X — fX)
is not.

An anti-unification problem is encoded by an anti-unification triple (AUT), which is an expression
of the form s £y f, where s and ¢ are terms, called its left- and right-hand sides, respectively, and X
is a fresh variable for s and ¢ called its label. That structure is specified in PVS by means of a record
type AUT &', where record accessors for label and left- and right-hand sides are present. The expression
eqy will be used to denote an AUT whose label is the variable X. Its left- and right-hand sides will
be denoted by 1hs(eqy) and rhs(eqy), respectively. To solve an anti-unification problem, one must
compare two terms and decompose their common structure. That motivates an AUT classification that
allows no superposition: An AUT eqy is decomposable iff 1hs(eqy) and rhs(eqy) are either both pairs
or both functional applications headed by the same function symbol; it is trivial iff 1hs(eqy ) = rhs(egy)
is the unit, a constant or a variable; and it is solved in any other case. That AUT classification guides
the design of the inference rules presented in Figure [T] and, in PVS, it is specified by means of unary
predicates match_DecF? &, match_DecP? &, match_Synt? &, and match_Sol? &' that checks whether
or not an AUT matches the application of a rule.

During the decomposition, the labels are the most general solutions to anti-unification (sub)problems.
Since those subproblems occur in different positions in the common structure of terms, it makes sense
to label new subproblems with fresh labels to distinguish them. The decomposition produces a finite
number of AUTs that are described as a finite collection. In PVS, that collection is specified as a [list of
AUTSs &. To a finite collection of AUTS A, one associates two sets whose members are variables that play
completely distinct roles in the anti-unification algorithm. The first one is its set of labels 1bls(A) &,
which collects all the labels of the members of A. The second one is its set of variables vars(A) &,
which collects all the variables that occur in the left- and right-hand sides of its members. To refer to
a collection of subproblems obtained from a problem consistently, it is necessary to define a valid set
of AUTs as being a finite set A of AUTSs such that 1bls(A) = |A| and vars(A) N1bls(A) = 0. In PVS,
valid sets of AUTs were specified by means of valid lists of AUTSs, which are recognized by the unary
predicate valid_AUTs? &.

IThe unit is useful for term flattening and for efficiently encoding finitary and variadic functions in the presence of pairs. For
instance, considering addition +: N — N, one can define }: 1ist(N) — N recursively by }.() :==0and Y (m,L) :=m+Y L.
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As decomposition proceeds, it may be necessary to address an anti-unification problem that was
previously handled but at a distinct position in the common structure. Such problems are essentially the
same but encoded by AUTs that differ only in their labels. Those are called repeated AUTs. That can be
extended to sets of AUTs: An AUT eqy is repeated in a set A of AUTs iff there exists an AUT eqy in A
such that eqy and eqy are repeated. The binary predicates repeated_AUT? & and AUT _repeated_in? &
are specified to recognize such repetitions.

<fséXft)U|S|G>

Decompose-Function (DecF) —
(s=1,U|S|o (X fY))

((s,u) £x (1,v), U | S| o)

Decompose-Pair (DecP) = ~
(s=t,u=,v,U|S|o (X (V,2)))

(s2xt,U|S]| o)
{U]S]o(X—X")

Solve-Repeated (SolR) if s £y ¢ is solved and s éx/ tes

(s&x1,U|S| o)
(Uls=xt,S|o)

Solve-Non-Repeated (So1NR) if s £y 1 is solved and not repeated in S

(s2xs,U|S]|o)

Syntactic (Synt) UTS]o X =)

. A . . .
if s =x s s trivial

Figure 1: Standard anti-unification inference rules.

During the decomposition of the common term structure, one must understand the current state and
the states visited to reach it. In that way, the problems already computed and those remaining to be
computed will be identified. That is encoded by means of a valid configuration, which is an expression
of the form (Cyns | Cso1 | Csub), Where Csyp is a substitution, Cyss and Csoy are valid sets of AUTS called
its computed substitution and unsolved and solved parts, respectively, and each of those three components
satisfy the following constraints:

1. The sets Cyns and Cgo are disjoint and Cyps U Cso1 is a valid set of AUTS;
2. The set Cgo1 contains only solved AUTs that are not repeated in Cso1;

3. The sets 1bls(Cyps), 1b1s(Cso1), and dom(Csyp) are pairwise disjoint. The sets dom(Csyp) and
rvars(Csyp) are also disjoint.

The inference rules in Figure[I)induce a reduction relation over valid configurations, which is denoted
as = using standard rewriting notation [15]); thus, =*, =7, and =" denote the reflexive transitive
closure, transitive closure, and the n-reduction steps derivation relations obtained from =, respectively.
In specific derivations, superscripts with the names of the applied rules are added to the relation symbol
=>. For the example in the introduction, we have the following derivation:
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(f (8 (c,d),0) 2x f (g (g (wv),v),g (wy) |0]1) =225
(g (c.d) 2y g (g (,v),v),c 278 (uv) [0] X s f (v,Z)) =225

SolNR,SolNR,
=

SolR

(c278 ) |c2y, g wy),d2yv| X f(g(V1,Y2), =

)

,Z))

(c2y g (), d =2y, vic 2728 () |0|X = f(g(M,12),2))
Z))

@fc2y gwy),deyv|Xef(g(,1),1))

A configuration is specified in PVS by means of Configuration &', which is a record type with
record accessors for unsolved, solved, and computed substitution (always a nice one). Among configu-
rations, the valid ones are recognized by the unary predicate validConfiguration? &. The intuition
for each component of a valid configuration is as follows. Its unsolved part encodes the problems to
be computed, its solved part encodes the problems where the common term structure differs and which
were detected for the first time, and its computed substitution encodes the common term structure already
decomposed. Thus, a valid configuration encodes the entire history of the decomposition up to that point.

The decomposition of the term structure is carried out by the inference rules presented in Figure [I]
The algorithm Antiunify & is specified in [9] as a recursive unary function that maps valid configura-
tions into valid configurations, and it consists of the exhaustive application of the rules to a valid input
configuration. Since the unsolved part of a valid configuration is specified by a list of AUTs, the rules are
always applied to the ﬁrst member of that list. The size of the unsolved part of a configuration, which is
the sum of the sizes & of its members, was the chosen metric for ensuring termination in [9].

The rules presented in Figure [1] are specified in [9] by means of unary functions DecF &, DecP &
Synt &, and Solve & that require an input valid configuration that matches the application of the rule
and returns an output configuration according to their (dependent) type. That type encodes, among other
properties, that the output configuration is a valid configuration with a smaller size than the input con-
figuration. PVS generated a type correctness condition (TCC) for each function, and each one of those
TCCs required a manual proof. The advantage of this approach is that PVS generates a termination
TCC for the specification of Antiunify, and the prover can automatically prove it using the informa-
tion encoded in the (dependent) types of the input-output configurations of the inference rules. Thus,
an exhaustive application of the rules terminates in a configuration with an empty unsolved part. Those
are called normal configurations (or final configurations) and are recognized in PVS by means of the
predicate normal_configuration? &.

vp‘

prove that Qf generalizes CUns

A

C » ! ? Cf

after one rule step

~
. . /
knowing that Qf generalizes CUns

Figure 2: Inductive step in the soundness theorem presented in [9].

The background was enough to prove antiunif_is_sound & in [9]]. The argument was constructed
by induction on the size of the unsolved part of a valid configuration together with a case analysis
concerning the employed rule in the inductive step, which is presented in Figure [2] The effort required
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was measured in [9]] by the number of proof commands (for the proof and also its dependencies) and the
amounts are 2.09% for DecF, 4.56% for DecP, 61.70% for Synt, 29.60% for SolR, and 2.05% for So1NR.
Surprisingly, the rules Synt and SolR together make up 91.10% of the entire effort and algorithmically,
going from C to C’, they only add to Csyp @ new basic substitution (X — a), where X is a label in Cyps
and a is an atomic term. While that transformation seems trivial in a pen-and-paper proof, a considerable
amount of work is required to analyze its effects in a mechanized and formally verified proof for the case
where a is a variable. In that case, the branches for those two rules relied on dependencies (lemmas) that
stated the invariance and preservation properties concerning the action of 6y on the variable a. These
properties explained why all that effort was required.

3 Dissection Towards a Mechanized Completeness Proof

Using the formalization elements developed for the proof of soundness in [9]], one can try to address the
completeness proofs for the decomposition rules (DecF and DecP). Indeed, for an inductive proof like
the one presented in Figure [2| using a notion r_generalizer & of arbitrary generalizer that restrict its
domain and range avoiding occurrences of the variables used by the algorithm, the completeness case
analysis of these two rules will amount more than 2500 and 3500 PVS proof commands for the DecF
and DecP rules, respectively (see the extended version of this paper &). Such an approach is sufficient
to guarantee the completeness of the algorithm for the subclass of anti-unification problems that do not
require applications of the rules SolR and Synt, but not for arbitrary problems. An important class
of such problems comprises those that do not repeat variables or constants. For those problems, the
decomposition rules will only lead to solved AUTs that cannot appear more than once. Since no variable
nor constant appears repeatedly, no application of the rules SolR or Synt is possible.

Surprisingly, following the same inductive schema with the same notion of generalizer did not work
for the SolR, SolNR, and Synt rules, as this section explains. The problem arises in the inductive step:
given an arbitrary generalizer ¥ for the problem encoded by a configuration C, to apply the inductive hy-
pothesis, one needs to build an associated generalizer ¥ for the configuration C’; and using the hypothesis
that it is more general than the computed solution given by 6y, in the final configuration Cy, prove that y
is also more general than 6 (see Figure 3).

given Y from Y construct }/
~~ S
after one rule step %
C y (! y Oy

from =1b1s(Cl,,) O prove ¥ S1b1s(Cons) 07

Uns

Figure 3: Inductive step in the experiments towards a completeness proof.

Initially, Subsection explains new notions that are required to compile configuration preserva-
tion properties for the analysis of the Synt, SolR, and SolNR rules. These notions are used to record
invariance properties throughout the history of computations. Afterward, Subsection [3.2] presents crucial
adjustments required to address completeness for those rules; finally, Subsection[3.3|discusses how these
adjusted notions are used in the formalization of the inductive proof. Although the branches of the de-
composition rules can be derived from the elements developed in [9]], for insertion into the case analysis
of this new inductive schema, they require straightforward adaptations, as explained in Subsection [3.4]
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3.1 New Notions Required for the Completeness Analysis

An initial configuration is a valid configuration with an empty solved part and identity computed sub-
stitution, and it is recognized in PVS by means of the unary predicate initial_configuration?&'. In
PVS, a single application of any of the rules is recognized by the binary predicate Antiunify? & spec-
ified from the binary predicates DecF? &, DecP? &, |Synt? &, and [Solve? &. These predicates check
whether a configuration is derived from another configuration by applying the respective inference rule.
The binary predicate RTC(Antiunify?), constructed using the reflexive-transitive closure of abstract
reduction relations, RTC (R) &, from the NASAlib theory of rewriting (see, e.g., [25,[31]). For brevity, in
this section, we will also use standard rewriting notation for the specified predicate Antiunify?; thus,
= and =" will denote Antiunify? and RTC(Antiunify?), respectively.

All information pertaining to the derivation of a valid configuration from an initial configuration is
stored in the former. All labels that were used during its derivation encode positions in the common term
structure where subproblems were detected. Labels are transformed at each step taken: New labels are
generated, labels are moved from the unsolved part to the solved part, to the domain of the computed
substitution, or to its range. That motivates the following definition:

Definition 2 (Labels of a Valid Configuration). The set of labels & of a valid configuration C is defined
as 1bls(C) := 1bls(Cyns) U1bls(Cso1) Udom(Coyp )

The information encoded by labels is essential if one aims for completeness, as labels encode posi-
tions. One important preservation property is stated in the next lemma and proved by induction on the
number of steps in a derivation. Intuitively, all information encoded by the labels of a valid configura-
tion is inherited by every valid configuration derived from it. In particular, if C = C’ by means of SolR,
SolNR, or Synt, then 1bls(C’) = 1bls(C).

Lemma 3 (Preservation of Labels &). If C =*C’, then 1b1s(C) C 1bls(C’).

Another important class of variables in a valid configuration derived from an initial configuration are
those which appear on the left- and right-hand sides of the AUTs of the latter. In the decomposition of the
common term structure, one can detect a trivial AUT whose both sides are the same variable, and the rule
Synt transforms that AUT accordingly, storing the following information at the computed substitution:
The label that encodes the position where the problem was encountered must be mapped to that variable
that occurs at that position. That is the only possible transformation regarding those types of variables,
and it motivates the following definition:

Definition 4 (Protected Variables of a Valid Configuration). The set of protected variables & of a valid
configuration C is defined as prtd (C) := vars(Cyps UCso1) U (rvars(Csy) \ 1b1s(Cyns UCso1))-

A variable that occurs in the left- or right-hand side of an AUT of Cy can occur in a subsequent
derived configuration C in vars(Cyps UCso1) Urvars(Csu, ). How they appear in those sets is understood
by the action of the inference rules employed in the derivation. One important invariance property is
presented in the following lemma, which is proved by induction on the number of steps of a derivation.
A crucial step in that proof is understanding how the set of variables of the computed substitution of a
valid configuration changes after applications of the standard inference rules.

Lemma 5 (Invariance of Protected Variables &). If C =*C’, then prtd (C) = prtd (C’).

An important consequence of the previous lemma is the following: the set of protected variables of
any configuration derived from an initial configuration is exactly the set of variables of the unsolved part
of the latter. Also, it is important to notice that 1bls(C) Nprtd(C) = @ for any valid configuration C.
Another type of invariant present throughout the computation is the problem being solved. To discuss
that, one requires the proper vocabulary:
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Definition 6 (Lateral Substitutions).
1. The left (resp. right) substitution associated with a valid set A of AUTs is the substitution pj
(resp. pa) with dom(pf) = 1b1s(A) (resp. dom(pp) = 1bls(A)) such that Xpi = 1hs(eqy) (resp.
Xpa = rhs(eqy)) for every X in 1bls(A);
2. The left & and right substitutions associated with & a valid configuration C are:

pg — pEUnsUCSol and p}g — pR(;UnsUCSol.

By definition, one can see that rvars(pf)Urvars(ps) C prtd(C), thus the lateral substitutions
associated with C are idempotent. Also, their restriction to any part of C is the corresponding lateral
substitution associated with that part. Lateral substitutions play an important role in reconstructing AUTs
that encode anti-unification problems. The invariance result hinted at before can be stated as the next
lemma. It is proved by induction on the length of the derivation, paying attention to how each inference
rule modifies the lateral & and computed substitutions associated with a configuration, as well as to the
role of the label of the AUT transformed by the inference rule.

Lemma 7 (Problem Invariance &). If C =*C’, then XChpS = XCsupC and XChpps = XCsuppl for
every X in dom(Cgyp)-

Since all information is preserved in a derivation, one can think intuitively about Lemma [7| by em-
ploying a jigsaw puzzle: One breaks the entire picture (an AUT of the unsolved part of a valid config-
uration) into small pieces (AUTs obtained from that AUT by applications of inference rules to config-
urations) in a way that, if all of them are put together (the compositions of the computed and lateral
substitutions), then one obtains the original picture again. That is the problem invariance: No matter how
one breaks a problem into subproblems, the problem remains the same throughout the computation.

All the preservation properties presented so far can be used to completely describe the history of
computation in the derivation of a valid configuration from an initial one. For instance, an argument by
induction is sufficient for proving the following lemma:

Lemma 8. [History of the Solved Part %] Let Cy be an initial configuration and C be a valid configuration
such that Co ="* C. For every AUT eqy in Cso1, there exist two valid configurations C' and C" such that
eqy belongs to Cl,s NCyq \ Csoq and Co=*C' = C" =*C, where the step C' = C" uses So1NR.

Another important description of the history of computation during a derivation concerns the domain
of the computed substitution. That history is presented in the next lemma, which can be proved by
induction using Lemma [7}

Lemma 9. [History of the Computed Substitution &'] Let Cy be an initial configuration and C be a
configuration such that Co =" C. For every X in dom(Csyy ), exactly one of the following holds:
1. XCsy is a variable and exactly one of the following holds:

1.1. XCsy, is the label of the AUT
XCS'llpr éXstm;, XCSubpg

that belongs to Cso1;
1.2. XCsyy, is a member of prtd (C) and the AUT

XCsuwpf 2x XCsunpf

is the trivial AUT
XCsub =x XCsupb

that belongs to Cy, g for some valid configuration C' such that Co=*C' =*C;
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2. XCsup is either the unit or a constant and the AUT
XCsuwpf 2x XCsunpf

is the trivial AUT
X CSub éX X CSub

that belongs to Cy, g for some valid configuration C' such that Co=*C' =*C;

3. XCsup is either a functional application or a pair, and the AUT
XCsunpt 2x XCsuppl

is decomposable and belongs to Cy, ¢ for some valid configuration C' such that Co="*C' =*C.

3.2 Adjustment of Generalizer Notions

At this point, one has sufficient grounds to provide the building blocks of a definition that encodes what a
generalizer for a valid configuration is. Lemma 7| guarantees the consistency of the following definition:

Definition 10 (Extended Set of AUTs). The extended set of AUTSs of a valid configuration C is defined
as:

Cext = {XCSubPLC Sy XCSubpj(ej ‘ X € dom(Csyp) }

A close inspection of the previous definition and the definition of lateral substitutions ensures that
the set just introduced is a valid set of AUTs. Suppose C = C'. If SolNR is the employed rule, then
Clyr = Cixt. If any other rule is the employed one, then Cf,, = Cgxt U {eqy }, where egy is the AUT in
Cuns that is transformed by the rule. Thus, an inductive argument together with Lemma [7| provides the
following natural result:

Lemma 11 (Preservation of Extended Set). If C =*C’, then Cgxt C Cpyy-

Notice that in the set of labels of a valid configuration, the labels of the unsolved and solved parts are
obtained directly from the AUTs that are already present in the configuration. The labels in the domain
of the substitution refer to AUTs that were already transformed, and the extended set of AUTs is a very
natural way to recover them. Thus, one can define:

Definition 12 (Total Set of AUTSs). The total set of AUTSs of a valid configuration C is defined by
Crot = Cuns UCso1 U Cixt-

A close inspection of the previous definition ensures that the set just introduced is a valid set of AUTs.
Moreover, the identity 1bls(Crot) = 1b1s(C) holds. Suppose C = C'. If SolNR, SolR, or Synt is the
employed rule, then C., = Crot. If any decomposition rule is the employed one, then Cfyy = Crxt UA,
where A is the set of new AUTs introduced by the employed rule. Thus, an inductive argument provides
the following natural result:

Lemma 13 (Preservation of Total Set). If C=*C’, then Cror C Croy-

Given two terms s and 7, a term g is a generalizer for s and 7 iff there exist substitutions o and 7 such
that go = s and g7 = ¢. Thus, a generalizer for an AUT is a generalizer for both its sides. In the case
of a valid configuration, one requires a notion of a generalizer that uniformly generalizes all the AUTs
associated with that configuration. Thus, a generalizer for a valid configuration must be a substitution,
and any comparison between generalizers must rely on the instantiation preorder restricted to the set of
labels of the configuration. A natural definition is the following one:
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Definition 14 (Total Generalizer for a Valid Configuration).

1. Let A be a valid set of AUTs. A substitution 7y is a total generalizer for A iff there exist left and right
cohesion substitutions 7; and tj, respectively, such that

Xyt = 1hs(eqy) and  Xyth =rhs(eqy)

for every eqy in A;

2. A substitution Y is a total generalizer for a valid configuration C iff v is a total generalizer for Crot.
Its left and right cohesion substitutions are denoted by ‘L'Lc and Tg, respectively.

That is the notion of a generalizer for a valid configuration required for proving completeness. The
identity 1 is a total generalizer for every valid configuration C and the lateral substitutions of Cre, are its
cohesion substitutions. That mirrors the fact that a variable generalizes any term. As a bonus, the new
notions presented so far are already enough to prove soundness in a way that is different from the ones
presented in [9]] or in [4]]. The new proof of soundness relies on the preservation properties stated in
Lemmas[7|and[I3] and it is done by induction on the number of steps of the derivation.

The pen-and-paper proof of completeness that is going to be presented here is constructive and com-
pletely different from the one presented in [4]], because no results on confluence or the type of syntac-
tic anti-unification will be assumed. On the contrary, that type will be a consequence of termination,
soundness, and completeness. Before presenting the proof, certain properties of generalizers for valid
configurations must be proved. The first one is a natural definitional corollary:

Lemma 15 (Total Generalizer Coherence). If A is a valid set of AUTS, ¥ is a total generalizer for it, and
eqy is a member of A, then Xy is a total generalizer for eqy. More precisely:

1. Ifeqy is a decomposable AUT, then:

L.1. If 1hs(eqy) is a functional application, then X is either a variable or a functional applica-
tion starting with the same root symbol of 1hs(eqy );

1.2. If1hs(eqy) is a pair, then Xy is either a variable or a pair;
2. If eqy is a trivial AUT, then Xy is the unit, a constant or a variable;
3. Ifeqy is a solved AUT, then Xy is a variable;

A particularly important preservation result concerning total generalizers for valid configurations
is the following one. Despite being a natural definitional corollary, it essentially informs that a total
generalizer cannot associate the same solution to problems encoded by AUTs of distinct classes:

Lemma 16 (Preservation of Classification). Let A be a valid set of AUTs and 7y be an arbitrary total
generalizer for A. For all eqy and eqy in A, if X'y =YY, then eqy and eqy are repeated.

The key step in the proof of the previous lemma is the existence of cohesion substitutions associated
with the total generalizer y. Under the hypothesis Xy = Y7, they force the left and right-hand sides of
the AUTs egy and eqy to be respectively the same terms. A particularly important consequence of the
previous lemma is the following lemma, which deals with syntactic and solved AUTs:

Lemma 17 (Separation). Let A be a valid set of AUTs, y be an arbitrary total generalizer for A, and eqy
and eqy be arbitrary members of A.

1. If eqy and eqy are trivial AUTs and 1hs(eqy) # lhs(eqy), then Xy #Y'y;
2. If all members of A are not repeated in A and X #Y, then Xy # Y.
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An important application of Lemmas|[I35]and[I7]is the following. If C is a valid configuration, then the
members of Cs1 are not repeated in it. Thus, a total generalizer for C maps distinct labels in 1bls(Cso1)
to distinct variables. In other words, a total generalizer for a valid configuration is able to separate non-
repeated solved (resp. non-repeated trivial) AUTs that appear in a derivation ending in that same con-
figuration. This property will play an important role in a step of the proof of completeness. Another
important property of total generalizers for valid configurations is presented in the following lemma:

Lemma 18 (Choice of Total Generalizer). Let C be a valid configuration and A be a set of variables.
For every total generalizer y for C there exists a total generalizer Y for C such that rvars(Y)NA =0
andy ~115(c) 7.

To prove the previous lemma, one needs to enumerate all the variables in rvars(y) N A (if there are
any) and rename all of them into distinct fresh variables using a renaming . New cohesion substitutions
are constructed using ¢ and the old ones. Lemma [I8] serves as inspiration for providing the following
definition:

Definition 19 (Restricted Total Generalizer). Let C be a valid configuration and Cy be a final configura-
tion such that C =" Cy. A total generalizer 7y for C is a restricted total generalizer for C relative to Cy iff
rvars(y) N (1bls(Cy)Uprtd(Cy)) =0 and yy =.

The specification of that type of total generalizer is crucial in the proof of completeness. Lemma
shows that if a valid configuration admits a total generalizer, then it admits a restricted total generalizer
that is equivalent to the original one on the labels of that configuration. That means that one can restrict
their attention to that class of more well-behaved total generalizers for valid configurations. Also, since
equivalence holds, completeness is not lost by such a restriction. That is the path followed in the PVS
specification. We are ready to state completeness. All the preservation properties, invariants, and (re-
stricted) total generalizer properties presented so far will naturally guide the construction of the proof.
It will be dismembered into parts. Synt, SolNR, and SolR rules are presented in Subsection [3.3] while
DecF and DecP are presented in Subsection [3.4]

Theorem 20 (Strong Completeness for Restricted Total Generalizers). Let Cy be an initial configuration,
Cr be a final configuration such that Co =" Cy, and 0y be the computed substitution of Cy. For every valid
configuration C such that Co =" C =" Cy and every restricted total generalizer Yy for C relative to Cy it is
the case that Y =<1p15(c) Oy-

The proof of Theorem [20|is done by induction on the number of steps taken in C =" Cy. In the base
case, one has C = Cy. Let Sy be the solved part of Cy. By the definition of total generalizer for Cy, one
can always assume that dom(7y) Nprtd (Cy) = 0. Since rvars(6y) C 1bls(Sy) Uprtd(Cy), one employs
the definition of restricted total generalizer and Lemmas 3] l EI, . and. 17]to conclude that ¥ =115(c)) Gf

For the inductive step, one assumes the result for derivations of length m and supposes that Co ="
C =" C;. Thus, there exists a valid configuration C’ such that Co =>*C = C’' =" Cs. The analysis
now proceeds by considering the rule employed in the step C = C’. One must start with an arbitrary
restricted total generalizer Y for C relative to C and use it to construct a restricted total generalizer ¥’ for
C’ relative to Cy to use the induction hypothesis (i.h.). That construction must be so that one can push the
comparison using the instantiation preorder back to . The situation is presented in Figure 4] Once the
proof is finished, one can employ Lemma [I§]to derive the following corollary from which one concludes
that the type of syntactic anti-unification is unitary:

Corollary 21 (Strong Completeness). Let Cy be an initial configuration, Cy be a final configuration such
that Co =" Cy, and Oy be the computed substitution of Cy. For every valid configuration C such that
Co="C="Cy and every total generalizer 'y for C it is the case that Y =1p15(c) 0-
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Figure 4: Inductive step in the proof of completeness.

3.3 Completeness Analysis for Syntactic and Solve Rules

This subsection is concerned with the branches of the proof of completeness where the step C = C’ is
achieved by means of the rules Synt, Sol1NR, or SolR. Let ¥ be an arbitrary restricted total generalizer
for C relative to Cy. The information concerning both y and the history of the computation is required
for constructing a restricted total generalizer ¥ for C’ relative to Cy that allows the use of the reasoning
illustrated in Figure 4]

1. If Synt is the employed rule, then there exists a trivial AUT egy in Cyss such that Cj,s = Cyns \
{egy }, Chor = Cso1, and Chy, = Csup (X +— 1hs(eqy)). By Lemma|[16] one knows that X is dif-
ferent from every variable that is assigned by 7 to the labels of non-trivial AUTs. The problem
encoded by the trivial AUT eqy may appear in different positions in the common term structure.
The information about it may be already stored in Cyps \ { egy } or in Csyp.

2. If SolNR is the employed rule, then there exists a solved AUT eqy in Cyps such that Cfi,c = Cyns \
{eqyx }. Cso1 = Cso1 U{egy }, and C§p, = Csup. In other words, this is the first time that the problem
encoded by the solved AUT egy is encountered. From Lemma it follows that Xy is different
from Yy for every Y in 1bls(Cso1). By Lemma one knows that Xy is different from every
variable that is assigned by ¥ to the labels of non-solved AUTs. Notice that no information about
the problem is already stored in Csyp. Nonetheless, information about it may already be stored

in Cyns \ { eqy }-

3. If SolR is the employed rule, then there exist solved AUTS egy in Cyns and egys in Cso1 such
that Clips = Cuns \ {€gy }» Céo1 = Cso1, and Cgy, = Csup (X — X’). In other words, the problem
encoded by the solved AUT eqy, is encountered again. From Lemma [T7, it follows that Xy and
X'y are different from Yy for every Y in 1bls(Cso1) \ {X'}. Since eqy and eqy: are repeated
AUTSs, it is not necessarily the case that Xy = X’y. By Lemma one knows that Xy is different
from every variable that is assigned by ¥ to the labels of non-solved AUTs. The problem encoded
by the solved AUT egy may appear in different positions in the common term structure, and the
information about it is already stored in Cso;.

That explains why the elements provided by [9] are not sufficient for addressing those rules and why
it is crucial to require in the specification of a total generalizer for a valid configuration that it must also
generalize both its solved part and the domain of its computed substitution together with its unsolved part.
Only requiring that for the latter does not necessarily provide all the needed information regarding the
history of the computation to compare the restricted total generalizer and the final computed substitution
in those branches of the proof. Now, both the definition of total generalizer and the preservation properties
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previously discussed come to the rescue. Since the employed rule is Synt, SolNR, or SolR, one knows
by Lemma [13| that C1,, = Crot and 1b1ls(C’) = 1bls(C). In other words, all the information required
for the comparison is already present in C and is preserved from C to C’. Thus, one concludes that  is
already a restricted total generalizer for C’ relative to Cy and y =1p1s(c) 67 follows immediately from the
induction hypothesis. Although the pen-and-paper proof seems straightforward, much of the effort in the
verification will be related to its dependencies.

3.4 Completeness Analysis for Decomposition Rules

This subsection is concerned with the branches of the proof of completeness where the step C = C’ is
achieved by means of either DecF or DecP. Let ¥ be an arbitrary restricted total generalizer for C relative
toC f-

1. If DecF is the employed rule, then there exist a decomposable AUT eqy = f1;, Ly ftgin Cyps and a

variable Y fresh for C such that Cj,. = Cyns U{ eqy } \ {€gx }> C&61 = Cso01> Coup = Csub (X — fY),
and eqy =11, £y tr. By Lemma the term Xy is either a variable or ft for some term ¢.

1.1. Suppose Xy = ft for some term ¢. Define:
Y = Yaony) (v} (¥ 1)

That is a restricted total generalizer for C’ relative to Cy. By the i.h., ¥/ =1b1s(c’) Of. There
exists a substitution & such that ¥'8’ =1y,5(¢r) 6. Letting

=10,
one concludes that Y8 =1p15(C) Oy Indeed,
Xy8 = f18' = fYy&' = fY0, = X0y,

and ZyS = Zy'§' for Z in 1b1s(C) \ { X }. Thus, ¥ Z1415(c) 6y
1.2. Suppose Xy =U is a variable. There exist cohesion substitutions TE and r,%’ of 7. There exists
a substitution 6" such that y8” =115(c) 877. Let W be fresh for Cy, 7, ¢, 15, and §'. Define:

'}/ = y‘dom(y}\{Y} (U — fW) (Y — W) .

That is a restricted total generalizer for C’ relative to Cy. By the i.h., ¥ =y1515(c) 0. There
exists a substitution 8’ such that '8’ =1415(¢) 6y. Letting

S=Uwr fW)Y —»W)&,
one concludes that Y8 =1p15(C) O Indeed,
Xys = fWé&' = fYys' = fro,=Xxoy,
and Zyd = Zy'§’' for Z in 1b1s(C) \ {X }. Thus, ¥ Z1415(c) 6y

2. The analysis for DecP is similar and will be omitted.

Crucial steps in verifying the previous arguments rely on the constraints imposed by the definition
of restricted total generalizers. For instance, the constraint rvars(y) N (1bls(Cy)Uprtd(Cy)) = 0 is
vital for the construction of the substitution y'. Moreover, the fact that a total generalizer for a valid
configuration generalizes the unsolved part of that configuration is crucial for applying the induction
step in verifying these branches of the proof.
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4 Conclusion

This paper presented a rigorous pen-and-paper proof of the completeness theorem for syntactic anti-
unification and the discussion clarified the formal elements required to mechanically verify the theorem
inductively in PVS (and other proof assistants as well). In particular, the paper highlighted important
differences that make that mechanization exercise much more complex than verifying the algorithmic
solutions to unification, for which the cases of solved and syntactically equal subproblems are resolved
immediately, leading to failures and trivial solutions. For formalizing the proof of the completeness theo-
rem in PVS, we addressed these problems with the necessary theoretical rigor. The greater complexity of
mechanizing verification for anti-unification algorithms lies in how to record the history of decomposing
problems into solved and syntactic subproblems, whose regularities (repetitions) are further encoded by
storing repeated solved and syntactic subproblems via the substitution solution under construction. The
precise notions that guarantee the construction of a solution more specific than any arbitrary generalizer
involve elaborate invariant properties related to the preservation of the problem (Lemma [7), history of
the computed solution (Lemma[J), preservation of the extended problem and coherence of the partial so-
lution generated during the computation (Lemmas [3] and [I3). In addition, by definition of a restricted
notion of arbitrary generalizers (Definition [19), the main completeness result is obtained as a corollary
(Corollary [21)) of the completeness for such a class of generalizers (Theorem [20). All results presented
in Subsection [3.1|are already completely specified and formally verified in PVS.

Future work

Work in progress includes the formalization in PVS of the definitions and lemmas presented in Sec-
tion [3.2] to obtain a mechanically and formally verified proof of completeness for the functional rule-
based algorithm Antiunify, from which certified executable code can be extracted. Additional work
includes the extension of the formalization for verifying algorithms to anti-unification modulo various
algebraic properties widely used in mathematics, such as commutativity, associativity [1}2[], absorp-
tion [7,)26]], and their combinations.
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