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Defining substitution for a language with binders like the simply typed A-calculus requires repetition,
defining substitution and renaming separately. To verify the categorical properties of this calculus, we
must repeat the same argument many times. We present a lightweight method that avoids repetition
and that gives rise to a simply typed category with families (CwF) isomorphic to the initial simply
typed CwF. Our paper is a literate Agda script.

1 Introduction

Some half dozen persons have written technically on combinatory logic, and most of these,
including ourselves, have published something erroneous. [14]

The first author was writing an introduction to category theory for functional programmers. One
example was the category of simply-typed A-terms and substitutions, and proving the expected category
laws seemed a suitable exercise. We attempted to mechanise the solution in Agda [23]], and hit a setback:
multiple proofs had to be repeated multiple times. A guideline of good software engineering is to not
write code by copy and paste, and this applies doubly to formal proofs.

This paper is the result of our effort to refactor the proof. The method used also applies to other
problems; in particular, we see the current construction as a warmup for the definition of substitution
for dependent type theory, which may have interesting applications for interpreting dependent types in
higher categories (coherence).

1.1 In a nutshell

When working with substitution for a calculus with binders, we have to differentiate between renamings
(A IFvI), where variables are substituted only for variables (I" > A), and proper substitutions (A I+ T)),
where variables are replaced with terms (I" = A). This results in several similar operations:

V[ Jv:IT>5A—=>AIFVI - A3 A [V TFA—SAFVIT - AFA
V] TS5A AT S AFA ] :TFASAFT S AFA

The duplication gets worse when we prove properties of substitution, such as the functor law

x[xsoys] = x[xs][ys]
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2 Substitution Without Copy and Paste

All components X, xs, ys can be either variables/renamings or terms/substitutions, so we must prove eight
combinations. The repetition extends to the intermediary lemmas.

Our solution is to introduce a type of sorts with V : Sort for variables/renamings and T : Sort for
terms/substitutions, leading to a single substitution operation

[ ]:TH[g]A = AlIF[r]T - AF[qUTr]A

where q, r : Sort and q U r is the least upper bound in the lattice of sorts with V = T. Now we need only
prove one variant of the functor law, relying on the fact that _LJ_ is associative. Our mutually recursive
definitions are accepted by Agda, as we can convince its termination checker that V is structurally smaller
than T (see Section 3).

As a specification, we formulate an explicit substitution calculus as a quotient-inductive type, or
QIT (a mutual inductive type with equations). Here, substitution itself becomes a term former. In our
specification, the substitution laws correspond to the equations of a simply-typed category with families
(CwF)—a variant of a CwF where the types do not depend on a context. Our recursive substitution
operations lead to a simply typed CwF isomorphic to the initial one, yielding a normalisation result
where A-terms without explicit substitutions are substitution normal forms.

1.2 Related work

De Bruijn introduced his eponymous indices and simultaneous substitution in [12]. We use typed typed
de Bruijn indices as in [9].

In [9]], termination of substitution was shown using well-founded recursion. Our approach is simpler
and scales better. Andreas Abel used a similar technique to ours to mechanise [9]], without manual
well-founded recursion, in an unpublished Agda proof [1]].

The duplication between renaming and substitution operations is factored into kits in [18]. In [5], it
was further shown how to extend this factoring to the proofs (by developing a “fusion framework™). In
languages supporting lexicographic recursion, our technique is simpler.

All the works listed so far also embrace the monadic perspective. That is, encoding substitutions
as functions from variables to terms (indeed, this is one of the motivations for relative monads [6]).
However, it is not clear how to extend this approach to dependently typed languages without “very
dependent” [[15} 8] function types.

There have been a number of other publications on mechanising substitution. Schifer and Stark et
al 21, 22] develop a Rocq library which automatically derives substitution lemmas, but the proofs are
repeated for renamings and substitutions (as in Section [2). Their equational theory is also similar to the
simply typed CwFs in Section[5] Saffrich [19] uses Agda with an extrinsic formulation (with preterms
and typing separate), and applies [3] to factor the construction using kits. In contrast, Saffrich [20]
uses Agda with an intrinsic formulation (as here, indexing terms by types), but defines renaming and
substitution separately, and the relevant substitution lemmas are repeated for all required combinations.

2 The naive approach

First, we review the copy-and-paste approach. We define types (A, B, C) and contexts (I', A, ®):

data Ty : Set where data Con : Set where
o : Ty ° : Con
= _ Ty =Ty —» Ty _>_:Con — Ty — Con

Next, we introduce intrinsically typed de Bruijn variables (i, j, k) and A-terms (t, u, v):
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data_>_: Con — Ty — Set where data_+ _: Con — Ty — Set where

zero: I'>ASA T A—->TFA

suc : I'> A— (B:Ty) - :THFA=B—-TFFA—-THFB
—-TI'>B3>A A :T>pAFB—=THFA=B

The constructor ~_ embeds variables in A-terms and we write applications as t - u. Following de Bruijn,
lambda abstraction A_ doesn’t bind a name explicitly. Instead, variables count the number of binders
between them and their binding site. Substitutions (ts, us, vs) are sequences of terms:

data _IF_: Con — Con — Set where
e :TIFe
T HFA—-THFA—-=TIFAD>A

Now we attempt to define the action of substitution for terms and variables:

JJ:TFA—-AFT >AFA
(i) [ts] =iv[ts]
(t-u)fts] = (t[ts]) - (ufts])
(At) [ts] =A7
We encounter a problem with the case for binders A_. We are given a substitution ts : A | I" but the
body lives in the extended contextt : I', A - B. We exploit functoriality of context extension (_>_),
P :TIFA—= (A:Ty) > T >AIFA> A andwrite (At)[ts] = A (t[ts T _]).
Now, we must define _ 1 _. This is easy (isn’t it?), but we need weakening of substitutions )

V]:T5ASAFT 5 AFA
zero  v[ts,t] =t
(suci_)v[ts,t] = iv[ts]

ts T A =1tsTA, " zero i TIFA—- (A:Ty) > T>AIFA
Which, in turn, is just a fold of term-weakening (suc-tm) over substitutions:
€ tTA=c¢

(ts, ) * A = ts* A, suctm t A suc-tm: I'FB —- (A:Ty) = T>AFB

But how can we define suc-tm when we only have weakening for variables (vs)? If we already had
identity id : " I- I and substitution we could write: suc-tmtA = t[id * A ], but this is not structurally
recursive (and is rejected by Agda’s termination checker).

To fix this, we use that id is a renaming, i.e. a substitution only containing variables, and defining
_Tv_ for renamings is easy. This leads to a structurally recursive definition, though with some repetition.

data _IFv_: Con — Con — Set where
€:TlkFve
o TIFvA =T >A =T IFvAD> A

V[ Jv:T>5A =AWV - ASA Jv:TFA =S AV - AFA
zero  vl]is,i|v =i (i) [is]v = " (iv][is]v)
(suci_)v[is,j]v =iv[is]v (t-u)fis]v = (t[is]v) - (u[is]v)
V_iTIFvA - VA - T AlFvA (A1) [islv = A(tlis tv_]v)

€ VA =€ idv:T IkvD

(is,i) t'vA = istvA, suciA idv{l = e} =€
_tv_:ThvA 5 VA 5 T>AFVAD A idv{I' = I'> A} = idv TvA

is tvA = is VA, zero suc-tmt A =t[idvivA]v

This may not seem too bad, but it gets worse when proving the laws. Let _o_ be composition of substitu-
tions. To prove associativity, we first need functoriality, [o] : t[ usovs | = t[us | [ vs | but to prove this,
we also need to cover all variations where t, us, vs are variables/renamings rather than terms/substitutions.
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This leads to eight combinations, with the cases for each constructor of t reading near-identically. This
repetition is emblematic of many prior attempts at mechanising substitution [4} [11} 21} 22, [20].

The rest of the paper shows how to factor these definitions and proofs, using only (lexicographic)
structural recursion.

3 Factorising with sorts

Our main idea is to turn the distinction between variables and terms into a parameter. The first approxi-
mation of this idea is to define a type Sort (q, r, s):

data Sort : Set where
VT : Sort

But this is not quite what we want. Agda’s termination checker uses structural orderings. Following our
intuition that variable weakening is trivial but term weakening requires renaming, we would like the sort
of variables V to be structurally smaller than the sort of terms T.
With the following definition, we make V structurally smaller than T>V V isV, while maintaining
that Sort has only two elements.
data Sort : Set where

V : Sort
T>V : (s: Sort) — IsVs — Sort

data IsV : Sort — Set where
isV : IsVV

The predicate isV only holds for V. This encoding makes use of Agda’s support for inductive-inductive
datatypes (IITs), but a pair of a natural number n and a proof n < 1 would also work, i.e. Sort =
IN(_< 1). Wemake T : Sort an abbreviation for T>V V isV with a pattern declaration.

pattern T = T>VVisV

Now we can pattern match over Sort with V and T, while Agda’s termination checker treats V as struc-
turally smaller than T.
It is now possible to define terms and variables (x, y, z) in one go:

data_F[]_: Con — Sort — Ty — Set where
zero: I'> AF[V]A

suc :I'HF[V]JA—- B:Ty) = T'>BF[V]A

*_ :TH[V]IASTH[TIA
__THTIA=B—->THT]A-STH[T|B
A_ :T>AF[TIBoTHT]A= B

This recapitulates our previous definitions (in Section [2), where I' [V ] A corresponds to ' > A and
I' F[T]AtoI - A. Now we can parametrise our previous development. As a first step, we generalise
renamings and substitutions (xs, ys, zs):

data_IF[]_: Con — Sort — Con — Set where
e :TlF[q]e
_:TIF[q]A—=-TF[q]A—=TI[q]A>A

We model the structural order on sorts as an explicit relation with a least upper bound. The latter will
help with substitution and composition, where the result is V only if both inputs are V.

data T _: Sort — Sort — Set where _U_:Sort — Sort — Sort
fl :sCs VUr=r
vCt:VCT TuUur=T
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This is just Boolean algebra. We need a number of laws:

C s

v_IIt i/T:—I; UU:qU(rUs)=(qUr)Us
- = v :quUV =q

Clr :rC(qUr) ' -

These are easy to prove by case analysis, e.g. Ct{V} = vCtand Ct{T} = rfl.

Further, we turn the equations (LILI, Llv, Lit) into rewrite rules with {-# REWRITE UL Liv Lit #-}.
This introduces new definitional equalities, allowing the type checker to directly exploit e.g. associativity
of _LI_ (effectively, this feature allows a selective use of extensional type theory).

Functoriality of context extension is now parametric

1 _:TIF[q]A > VA ->T>AIF[q]A>A
We’ll derive this later. Meanwhile, the order on sorts gives rise to another functorial action.
tmC :qCs—>THqg]A—=>TH[s]A
tmC rflx = x
tmC vCti = 7
Now we can define substitution and renaming in one go:
I ]:TH[gq]A = AlIF[r]T - AF[qUTr]A (Ci) [xs] =tmC Ct(i[xs])
zero  [xs,x] = x (t-u)[xs] = (t[xs]) - (u][xs])
(suci_)[xs,x] = i[xs] (At) [xs] =A(t[xs T ~])
Here _LI_ ensures substitution returns a variable only if both inputs are variables/renamings. We use tmC

when substituting for variables because i [ xs | will return a variable if xs is a renaming, but (* i) [ xs |
must return a term.

We define id using _ 1 _, recursing over contexts. To define _ 1 _ itself, we need parametric versions
of zero and suc. Defining zero is easy.

id: T IF[V]T zero[ | : Vg - T'>AF[q]A
id{I' = o} =€ zero[V | = zero
id{l’' =T'>A}=id1TA zero[ T ] = ~ zero

However, suc is more subtle since the case for T depends on weakening over substitutions:
suc[[]: Vq—=THF[q]B — VA T TIF[q]A = VA

—I'>AF[q]B —-I'>Al-[q]A

suc[V]i A = suciA € TA=c¢
suc[T]tA =t[idtTA] (xs,x) TA =xsT A, suc[_|xA

And finally we can define _ 1 _and _o_.

o :TIF[q]® - AlF[r]T - AlF[qUTr]O
xs T A =xstA,zero| _| €oys =€

(xs,x)oys = (xsoys),x[ys]

3.1 Termination

Unfortunately (as of Agda 2.7.0.1) we now hit a termination error.

Termination checking failed for the following functions:
0 L)id, T, sucl ]



6 Substitution Without Copy and Paste

The cause turns out to be id. Termination here hinges on weakening for terms (suc| T | t A) applying a
renaming rather than a full substitution. Note that if instead we had id : T IF[ T ] I, or if weakening
for variables (suc[ V ] i A) was implemented by i [ id * A |, our operations would still be type-correct but
would genuinely loop, so perhaps Agda is right to be careful.

We have appropriately specialised weakening for variables though, so why doesn’t Agda accept our
program? The limitation is ultimately technical: Agda only looks at direct arguments to function calls
when building the call graph from which it identifies termination order [3]]. Because id is not passed a
sort, the sort cannot be considered as decreasing in the case of term weakening (suc[ T | t A).

sucl gy ] ta

o< a, r <dg ’ Function ‘ Measure ‘
s =r3 r3<ay tllclll [rlalf"i | (n.t)
n
|drz (r, )

A
r3 3 + A
) Bosds + A ¢ ai [ r ~ Al O3 (r3,03)
Idrz r3=r G3F3 A r3 =r tlrl [ 611“1 ] 3

U z Q U suclqs Jtafh | (a)

ty=r ry=r3 r=r Table 1: Per-function termina-
I, <I 0} < 03 t) <ty tion measures

Figure 1: Call graph of substitution operations

Luckily, there is an easy solution: making id polymorphic in its Sort and instantiating with V at the
call-sites enables the decrease to be tracked and termination to be correctly inferred by Agda. We present
the call graph diagrammatically (inlining _ 1 _), in the style of [17] (Figure[T).

To justify termination, we note that along all cycles in the graph, either the Sort strictly decreases, or
the Sort is preserved and some other argument (the context, substitution, or term) decreases. Following
this, we can assign lexicographically-decreasing measures to each of the functions (Table [I).

In practice, we will generally require identity renamings, rather than substitutions. We define Sort-
polymorphic id-poly, and then recover our original id by instantiating it at V (and using an INLINE
pragma so Agda’s termination checker cannot tell the difference).

id-poly : T IF[q | T id = id-poly {q = V}
id :TIF[VI]T {-# INLINE id #-}
(All this fuss with Sort-polymorphic id may be unnecessary. At a cost in performance, it is possible
to extend Agda’s termination checker so that our original definitions are accepted directly. See #7695.)

4 Proving the laws

We now present a formal proof of the categorical laws, proving each lemma only once while only using
structural induction. Indeed termination isn’t completely trivial but is still inferred by the termination
checker.
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4.1 The right identity law

Let’s get the easy case out of the way: the right-identity law (xs o id = xs). It is easy because it doesn’t
depend on any other categorical equations.

The main lemma is the identity law for the substitution functor [id] : x [ id | = x. To prove the
successor case, we need naturality of suc| q ] applied to a variable, which can be shown by simple
induction over said variable:

Tonat[lv:i[xsTA] = suc[q](i[xs]) A
tonat[lv {i = zero} {xs = xs,x} = refl
Tonat[]v {i = sucjA} {xs = xs,x} = T-nat[Jv{i = j}

The identity law is now easily provable by structural induction:

[id] {x = zero} = refl [id{x = i} =
[id] {x = suciA} = cong ~_ ([id] {x = i})
i[idTA] =(T-nat[[v{i = i}) [[d[{x =t u} =
suc (i [id ]) A cong, _-_ ([id] {x = t}) ([id] {x = u})
=(cong (Aj — sucjA) ([id {x =i})) [id]{x = At} =
suciA W cong A_ ([id] {x = t})

Note that the A_ case is easy here: we need the law to hold for t : I', A [ T | B, but this is still
covered by the inductive hypothesis because id {I" = ', A} = id T A.

Note also that is the first time we use Agda’s syntax for equational derivations. This is just syntactic
sugar for constructing an equational derivation using transitivity, exploiting Agda’s flexible syntax. Here
e =(p) e means that p is a proof of e = e'. Later we will also use the special case e =() e’ which means
that e and e’ are definitionally equal (this corresponds to e =(refl ) ' and is just used to make the proof
more readable). The proof is terminated with B which inserts refl. We also make heavy use of congruence
congf:a =b — fa = fbanda version for binary functions cong,g:a =b - c=d — gac = gbd.

The category law oid : xs oid = xs is now simply a fold of the functor law ([id]).

4.2 The left identity law

We need to prove the left identity law mutually with the second functor law for substitution. This is the
main lemma for associativity.

Let’s state the functor law but postpone the proof until the next section: [o] : X [xsoys | =
x [ xs ] [ ys ]. Even stating this signature requires (definitional) associativity of _LJ_, since the left
hand side has type A F[q U (r U s) | A while the right hand side has type A F[(q U r) LI s | A.
Fortunately, we obtain this via the LILI rewrite rule, but alternatively we would have to insert a transport
using subst.

Of course, we must also state the left-identity law ido :id o xs = xs. Similarly to id, Agda will not
accept a direct implementation of ido as structurally recursive. Unfortunately, adapting the law to deal
with a Sort-polymorphic id complicates matters: when xs is a renaming (i.e. at sort V) composed with
an identity substitution (i.e. at sort T), its sort must be lifted on the RHS (e.g. by extending the tm C
functor to lists of terms) to obey _LI_.

Accounting for this lifting is certainly do-able, but in keeping with the single-responsibility principle
of software design, we argue it is neater to consider only V-sorted id here and worry about equations
involving Sort-coercions later (in [5.2)). Therefore, we instead add a “dummy” Sort argument (i.e. id o’
:Sort — id o xs = xs) to track the size decrease (such that we can eventually just use ido = ido’ V).
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(Perhaps surprisingly, this “dummy” argument does not even need to be of type Sort to satisfy Agda
here. More discussion on this trick can be found at Agda issue #7693, but in summary: (i) Agda con-
siders all base constructors (constructors with no parameters) to be of minimal size structurally, so their
presence can track size preservation of other base-constructor arguments across function calls. (ii) It
turns out that a strict decrease in Sort is not necessary everywhere for termination: note that the context
also gets structurally smaller in the call to _"_ from id.)

To prove ido’, we need the -law for T xsT Ao (ys,x) = xsoys, which can be shown with a
fold over a corresponding property for suc|_].

sucl] : (suc[q]x_)[ys,y] = x[ys] To:xsTAo(ys,x) = xsoys

suc[] {q = V} = refl To{xs = €} = refl

sucll {g = TH{x = x}{ys = ys}{y =y} = To{xs = xs,x} =
(suc[ TIx ) [ys,y] =( congy _._ ("o {xs = xs})
x[id* _][ys,y] (sucf] {x = x})
=(sym ([o] {x = x})) ido’ {xs = €}  _ = refl
x[(idT_)o(ys,y)] ido’ {xs = xs,x} _ = cong, _,_
=(cong(Ap — x[p])To) (id* _o(xs,x) =(*o {xs = id})
x[idoys] id o xs =(ido )
=(cong(Ap — x[p])ido) XS m
x[ys| refl

One may note that "o relies on itself indirectly via suc[]. Like with the substitution operations,
termination is justified here by the Sort decreasing.

4.3 Associativity

We finally get to the proof of the second functor law (o] : x [ xsoys | = x[xs ][ ys ]), the main lemma
for associativity. The main obstacle is that for the A_ case; we need the second functor law for context
extension: To : (xsoys) T A = (xs T A)o(ys T A).

To verify the variable case we also need that tm C commutes with substitution, tm[] : tmC C
t(x[xs]) = (tmE Ctx) [ xs |, which is easy to prove by case analysis.

We are now ready to prove [o] by structural induction:

refl

o] {x = i}

[o] {x = zero} {xs = xs,x}
[o] {x = suci_}{xs = xs,x}

o] {x = "x} {xs = xs}{ys = ys}

tmC Ct(x[xsoys])  ={cong (tmE Ct) (o] {x = x}))
tmECt(x[xs][ys]) =(tm[]{x =x[xs]})
(tmECt(x[xs])) [ys| M

o] {x =t u} = congy _-_([o] {x = t}) ([o] {x = u})
o] {x = At} {xs = xs}{ys = ys} = congA_(
t[(xsoys) T _] =(cong (Azs — t[zs]) To)
t[(xs T )olyst )] =([o]{x=1t})
(tlxs T _D[yst -] W)
Associativity oo :xso (ysozs) = (xsoys) o zs can be proven by folding [o] over substitutions.
However, we are not done yet. We still need to prove the second functor law for _ 1 _ (o). It turns
out that this depends on the naturality of weakening ™ —nato :xso (ys T A) = (xsoys) ™ A, which
unsurprisingly must be shown by establishing a corresponding property for substitutions:
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Fonatf] i x[xs T A]
have already proven (
tonat[] {qg = T}{A = A} {x = x} {xs = xs} =
x[xstA] (cong (Azs — x[zsT A]) (sym oid))
x[(xsoid) T A] =(cong (Azs — x[zs]) (sym (T—nato {xs = xs})))
x[xso(idTA)] =([o] {x = x})
x[xs][idTA] &

suc[ _ ] (x[xs ]) A. The case q = V is just the naturality for variables which we
-nat[]v). The case for ¢ = T is more interesting and relies again on [o] and oid:

+

It also turns out we need zero|] : zero[q ] [xs,x ]| = tmC (CUr{q = q}) x, the B-law for zero[_],
which holds definitionally in the case for either Sort. And we need that zero commutes with tm C, that
is, forany qCr : g C r we have that tm CzeroqLCr : zero[r ] = tmC qLCrzero[q ].

Finally, we have all the ingredients to prove the second functor law 1 o:

fofr=rt{s=s}{xs =xs}{ys = ys} {A = A} =
(50ys) T A =)
(xsoys) T A, zero[r Us] =(cong, _,_ (sym (T —nato {xs = xs})) refl )
xso (ys T A), zero[r Ls] =(cong, _,_refl (tmCzero (CUr{r = s} {q =r})))
xso (ys T A),tmC (CUr{q = r}) zero[ s |
—(cong, __ (sym ("o {xs = xs})) (sym (zerof] {q = r} {x = zero[5]})))
(xs* A)olys T A), zerolr] [ys 1 A] =()
(xs T A)o(ys T A) [ |

5 Initiality

We can do more than just prove that we have a category. Indeed we can verify the laws of a simply typed
category with families (CwF). CwFs are mostly known as models of dependent type theory, but they can
be specialised to simple types [[13l]. We summarise the definition of a simply typed CWF as follows:

* A category of contexts (Con) and substitutions (_ I _),
* A set of types Ty,

* For every type A a presheaf of terms _ — A over the category of contexts (i.e. a contravariant
functor into the category of sets),

* A terminal object (the empty context) and a context extension operation _>_such thatI" IF A > A
is naturally isomorphic to (I" IF A) x (T = A).

That is, a simply typed CwF is just a CwF where the presheaf of types is constant. We will give
the precise definition in the next section, hence it isn’t necessary to be familiar with the categorical
terminology to follow the rest of the paper.

We can add further constructors like function types _ = _. These usually come with a natural iso-
morphisms, giving rise to B and 1 laws, but since we are only interested in substitutions, we don’t
assume these. Instead we add the term formers for application (_-_) and lambda-abstraction A as natural
transformations.

We start with a precise definition of a simply typed CwF with the additional structure to model simply
typed A-calculus (Section and then we show that the recursive definition of substitution gives rise
to a simply typed CWF (Section [5.2). We can define the initial CwF as a quotient inductive-inductive
type (QIIT). We postulate the existence of this QIIT in Agda, with the associated B-laws implemented
with rewrite rules (alternatively, we could use a truncated Cubical Agda HIT, but Cubical Agda still
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lacks essential automation, e.g. it does not integrate no-confusion properties into pattern matching). By
initiality, there is an evaluation functor from the initial CwF to the recursively defined CwF (defined in
Section . On the other hand, we can embed the recursive CwF into the initial CwF; this corresponds
to the embedding of normal forms into A-terms, only that here we talk about substitution normal forms.
We then show that these two structure maps are inverse to each other and hence that the recursively
defined CwF is indeed initial (Section[5.3). The two identities correspond to completeness and stability
in the language of normalisation functions.

5.1 Simply Typed CwFs

We define a record to capture simply typed CWFs, record CwF-simple : Set;.
For the contents, we begin with the category of contexts, using the same naming conventions as
introduced previously:

Con : Set

I=_: t ido :idod = 0

;j _-1(':*o||n_;>con_>se oid: 6oid = 6

Io :AI|—®—>FH—A—>F|k® 0o :(£0B)od =Eo0(000)
We introduce the set of types and associate a presheaf with each type:

Ty : Set . .

F_:Con — Ty — Set [id] : (t[id]) =t

I [o] :t[0][6]=1t[605]

] :THFASAIFT S AFA

The category of contexts has a terminal object (the empty context), and context extension resembles
categorical products but mixing contexts and types:

e : Con o—N:0 =¢

el e >—Bo : M (8,t) =
_>_:Con — Ty — Con >—P:m(6,t) =

.. TFA-STFA-STI (A>A) >-1n :(mpd,md) =38

mwm T'FA>A) -TIFA mo m(0od) =m6Ood
m ::T'FA>A —-TFA mo :m(0od)=(mO)[J]

We can define the morphism part of the context extension functor as before, d T A = (d o (myid)), 7 id.
We need to add the specific components for simply typed A-calculus; we add the type constructors, the
term constructors and the corresponding naturality laws:

o : Ty A_:T>AFB—-THA=B
_= Ty = Ty = Ty A (tu)[d]=(t[d]) - (u[d])
:THFA=B—->T+HA->THFB Al:(A)[6]=A(t[6 1 _])

5.2 The CwF of recursive substitutions

We are building towards a proof of initiality for our recursive substitution syntax, but shall start by show-
ing that our recursive substitution syntax obeys the specified CwF laws, specifically that CwF-simple can
be instantiated with _ [ _]_/_IF[_]_. This will be more-or-less enough to implement the “normalisation”
direction of our initial CwWF ~ recursive substitution syntax isomorphism.

Most of the work to prove these laws was already done in Section [ but there are a couple tricky
details with fitting into the exact structure the CwF-simple record requires.
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Our first non-trivial decision is which type family to interpret substitutions into. In our first at-
tempt, we tried to pair renamings/substitutions with their sorts to stay polymorphic, is-cwf .CwF._ I+
_ = XSort (A IF[_]I'). Unfortunately, this approach quickly breaks. The e —1 CwF law forces us to
provide a unique morphism to the terminal context (i.e. a unique weakening from the empty context);
X Sort (A IF[_] I) is simply too flexible here, allowing both V, e and T , €.

Therefore, we instead fix the sort to T.

issewf .CwF._IF_ = _IF[T]_ is-cwf .CwF.e—n {8 = ¢} = refl
is-cwf .CwF.e = is-cwf .CwF._o_ = o_
is-cwf .CwF.€ =€ is-cwf .CwF. oo = sym oo

The lack of flexibility over sorts when constructing substitutions does, however, make identity a little
trickier. id doesn’t fit CwF.id directly as it produces a renaming I" I-[V | I". We need the equivalent
substitution " IF[ T | T.

We first extend tm C to renamings/substitutions with a fold: tm*C :q C s - I'lF[q]A — T IF
[s ] A, and prove various lemmas about how tm* C coercions can be lifted outside of our substitution
operators:

Co:tm*C vCtxsoys = xsoys CT :tm*CCtxstTA = tm*C vCt(xsT A)
oC :xsotm*C vCtys = xsoys CT :tm*C vCtxs T A = tm*C vCt(xs T A)
t[C] : t[tm*C vCtys| = t[ys] V] s i[tm*C vCtys] = tmC vCti[ys]

Most of these are proofs come out easily by induction on terms and substitutions so we skip over
them. Perhaps worth noting though is that =" requires folding over substitutions using one new law,
relating our two ways of weakening variables.

sucid] :i[idtA] = suciA

sucfid ] {i = i} {A =A} =i[idtA] =(tnat][v{i =i})
suc (i[id]) A =(cong (Aj — sucjA)Jid])
suciAN

We can now build an identity substitution by applying this coercion to the identity renaming: is-cwf .CwF.id =
tm*C v tid. The left and right identity CwF laws take the form tm*C vCtido d = 0 and
0otm*C vCtid = o. This is where we can take full advantage of the tm* C machinery; these
lemmas let us reuse our existing ido/oid proofs!

is-cwf .CwF.ido {8 = 6} = is-cwf .CwF.oid {0 = 8} =
tm*C vCtidod =(LCo) ootm*C vCtid =(oC )
idod =(ido ) doid =(oid)
onm om

Similarly to substitutions, we must fix the sort of our terms to T (in this case, so we can prove the
identity law - note that applying the identity substitution to a variable i produces the distinct term ~ i).

is-cwf .CwF.[id] {t = t} =

t[tm*C vCtid ] =(t[C] {t = t}) issewf .CwF._F_ = _F[T]_
t[id ] .E< lid] ) issewf .CwF. [ ] = _[]
t

We now define projections mp (6 ,t) = d and m; (6 ,t) = tand >—fy, >—Pi, >—n, me and w0
all hold by definition (at least, after matching on the guaranteed-non-empty substitution).

Finally, we can deal with the cases specific to simply typed A-calculus. -[] also holds by definition,
but the B-rule for substitutions applied to lambdas requires a bit of equational reasoning due to differing
implementations of _ 1 _.
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is-cwf . CwF. A {A = A} {t = x} {§ = ys} =

Ax[yst Al —(cong (Ap — Ax[p T A])(sym oid) )
Ax[(ysoid) 1 A] =(cong(Ap — Ax[p, zero]) (sym*—nato))
lx{ysoid*A,‘zero] =(cong(Ap = Ax[p, zero]) (sym (oC {ys =id* _})))

Ax[ysotm*C vCt(idTA), zero |l

We have shown our recursive substitution syntax satisfies the CwF laws, but we want to go a step
further and show initiality: that our syntax is isomorphic to the initial CwF.

An important first step is to actually define the initial CwF (and its eliminator). We use postulates
and rewrite rules instead of a Cubical Agda higher inductive type (HIT) because of technical limitations
mentioned previously. We can reuse our existing datatypes for contexts and types because in STLC there
are no non-trivial equations on these components.

To avoid name clashes between our existing syntax and the initial CwF constructors, we annotate
every |CwF constructor with 1, e.g. _H : Con — Ty — Set, id" : T IF Tetc.

We state the eliminator for the initial CwF assuming appropriate Motive : Set; and Methods :
Motive — Set; records as in [7]. Again to avoid name clashes, we annotate fields of these records
(corresponding to how each type/constructor is eliminated) with M.

elim-con : VI — ConM T elim-cwf :Vt' — TmM (elim-conT') (elim-ty A) t!
elim-ty :VA - TyMA elim-cwf* : V8" — TmsM (elim-con A) (elim-con T') &'

To state the dependent equations in Methods between outputs of the eliminator, enforcing congruence
of equality (e.g. the functor law, which asks for tM [ oM [M [ §M M and tM [ oM oM M M to be equated)
we need dependent identity types _=[ |=_: A — A = B — B — Set (. We can define these simply
by matching on the identity between A and B, x =[refl |= y = x = y.

Normalisation from the initial CwF into substitution normal forms now only needs a way to connect
our notion of “being a CwF” with our initial CwF’s eliminator: specifically, that any set of type families
satisfying the CwF laws gives rise to a Motive and associated set of Methods. To achieve this, we define
cwf-to-motive : CwF-simple — Motive and cwf-to-methods : CwF-simple — Methods, which simply
project out the relevant fields, and then implement e.g. rec-cwf = elim-cwf cwf-to-methods.

The one extra ingredient we need to make this work out neatly is to introduce a new reduction for
cong, cong (A _ — x) p = refl, via an Agda rewrite rule (this identity also holds natively in Cubical).
This enables the no-longer-dependent _ =[_|= _s to collapse to _ = _s automatically.

Normalisation into our substitution normal forms can now be achieved by with:
norm : T' F' A — rec-conis-cwf " [ T ] rec-ty is-cwf A
norm = rec-cwf is-cwf

Of course, normalisation shouldn’t change the type of a term, or the context it is in, so we might hope
for a simpler signature T ' A — " [T ] A and, conveniently, rewrite rules (rec-con is-cwf ' = T’
and rec-ty isscwf A = A) can get us there!

nom:TCH A5 THTI]A norm* : AT — AIF[T]T
norm = rec-cwf is-cwf norm* = rec-cwf* is-cwf

The inverse operation to inject our syntax back into the initial CwF is easily implemented by recur-
sion on substitution normal forms.

T :TH[q]A—=THA

S “_[ ] H—I Tt.u’! :I—t‘l_lru—l
DA q|l’' = A T
- TAtT = ATt
Czero ! = zerol
- g Tk :81
TsuciB7 =suc!"i7B F S % F g Iy
X = ST x

e — 7
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5.3 Proving initiality

We have implemented both directions of the isomorphism. Now to show this truly is an isomorphism
and not just a pair of functions between two types, we must prove that norm and "_ are mutual inverses
- i.e. stability (norm " t ' = t) and completeness (" normt ' = t).

We start with stability, as it is considerably easier. There are just a couple details worth mentioning:

* To deal with variables in the ~_ case, we slightly generalise the inductive hypothesis, taking ex-
pressions of any sort and coercing them up to sort T on the RHS.

* The case for variables relies on a bit of coercion manipulation and our earlier lemma equating
i[id* B]andsuciB.

stab: norm™x 7 = tmC Ctx

stab {x = zero} = refl

stab{x = suciB} =
norm ™ i 7 [tm*C vCt(id " B) ]
norm " i7[id* B ]

(t[Z]{t = norm"i})
(cong (Aj — suc[_]jB) (stab{x = i}))

“i[id T B] =(cong ~_suc[id™])
“suciBH
stab{x = i} = stab {x = i}
stab{x =t-u} = cong,_-_(stab{x = t}) (stab{x = u})
stab{x = At} = congA_(stab{x = t})

To prove completeness, we must instead induct on the initial CwF itself, which means there are many
more cases. We start with the motive:

compl-M : Motive

compl-M . TmM __t' = Tnormt! 7 = ¢! compl-M .ConM _ = T
compl-M .TmsM _ _ 8" = ™ norm* §! * = §! compl-M . TyWM_ =T
To show these identities, we need to prove that our various recursively defined syntax operations are
preserved by "_".
Preservation of zero[_], "zero™ : " zero[q ] 7 = zero! reduces to reflexivity after splitting on the sort.
Preservation of each of the projections out of sequences of terms (e.g. " my 6 ™* = n(l) ™8 ™) reduce
to the associated f-laws of the initial CwF (e.g. >—f3}).
Preservation proofs for _[ ], _1_, _*_, id and suc[_] are all mutually inductive, mirroring their
original recursive definitions. We must stay polymorphic over sorts and again use our dummy Sort
argument trick when implementing "id™ to keep Agda’s termination checker happy.

I‘“I:I‘XSTEI’XWI‘S“I*I I
l_/[]]_| :'—XS[%/‘ ]A_|* = rxs[ﬂ*yTI A] Fsuc': ’_suc[q]xB—‘ = '_X—l[Wk ]I
T . T ygt A ¢ = T xg % ol k! Tid™ : Sort — '_id{r = F}—‘* = id

Fid7: Tid {0 = '} ™* = id" Tid7 = Tid 7V

To complete these proofs, we also need -laws for our initial CwF substitutions, so we derive these
now.
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zero[]' : zero! [ 8! 1t ]! = ¢! sucl' : sud B[ & Jul ]! = ([ 8 ]!
zero[]' {8 = &'} {t! =t} = sucl]' =

zero' [ ' 1t =(symmol)

! (id ol (8" 1t)) =(cong mlido! )

71'1{ (51’11:1) E(D—Bllg ,ol:(SI,ItI)OIGI = (310161) ,I (tI[GI]I)

ol = .

tI
We also need a couple lemmas about how ™_ treats terms of different sorts identically: "C7: V {x :
IF'H[g]A} =5 "TtmCCtx ' = "xTand"C™* : Ttm*C Ctxs ™ = Mxs ™.
We can now proceed with the preservation proofs. There are quite a few cases to cover, so for brevity
we elide the proofs of "[] " and "suc™.

I—T‘I {q — q} = cong, _,I_ r+ (rzero‘l{q — Q})

T {xs = ¢} = syme—n! TidV{ = o} _ = syme—n!

T {xs = xs,x} {A = A} = |d—"{F—F>A},:
Txs T A™ ITsuc[ _]xA™ Tid T A Tzero! =(cong (_,'zero!) ™)
(congy LT (fsuc {x = x})) T HA =(cong (1! A)Tid)
(" xs ol wk!) 1 (Tx [ wk! 1) id" 1 A = cong( zero!) ido! )
=(sym,o') wk! ! zero! =(>-n')
(Txs ™ 1T x 7)ol wk' B id! n

We also prove preservation of substitution composition "o : T xsoys * = T xs ™* ol T ys T jp
similar fashion, folding "[]". The main cases of compl-m : Methods compl-M can now be proved by
just applying the preservation lemmas and inductive hypotheses, e.g:

compl-m .id™M = compl-m ._oM_{o! = o'} {8' = 51}6 M =
Ttm*C vCtid ™ =(TC™) ™ norm* 6! o norm* 8 ¥ =("o™
Tid ™ =("id™) T norm* ¢! ™ ol ™ norm* §! ™* ={ cong, _o'_ oM M)
dm Glols'm

The remaining cases correspond to the CwF laws, which must hold for whatever type family we
eliminate into in order to retain congruence of _ = _. In our completeness proof, we are eliminating into
equations, and so all of these cases are higher identities (demanding we equate different proof trees for
completeness, instantiated with the LHS/RHS terms/substitutions).

In a univalent type theory, we might try and carefully introduce additional coherences to our ini-
tial CwF to try and make these identities provable without the sledgehammer of set truncation (which
prevents eliminating the initial CwF into any non-set).

As we are working in vanilla Agda, we’ll take a simpler approach, and rely on dependent uniqueness
of identity proofs (UIP)

duip:V{p:x=y}l{q:z=w} — p =[r]=q
which enables, e.g., compl-m .idoM = duip. Note that proving this form of UIP relies on type constructor
injectivity, specifically, injectivity of _ = _. We could use a weaker version, taking an additional proof
of x = z, but this would be clunkier to use as Agda has no hope of inferring such a proof by unification.
Completeness is now just one call to the eliminator away.
compl : Tnormt! 7 = !
compl {t! = t'} = elim-cwf compl-m t!
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6 Conclusions and further work

The subject of the paper is a problem which we expect many people (including ourselves) would have
thought trivial. Theorem provers have made significant progress since the first POPLMark challenge [[10]
(which indeed focused on problems relating to binding and substitution), motivating a shifted focus (onto
logical relations proofs) in newer benchmarks [2]]. As it turns out, elegantly mechanising substitution still
requires some care, and we spent quite some time going down alleys that didn’t work (whilst getting to
grips with the subtleties of Agda’s termination checking).

The convenience of our solution relies on Agda’s built-in support for lexicographic termination [3].
In contrast, Rocq’s Fixpoint command merely supports structural recursion on a single argument and
Lean has only raw elimination principles as primitive. Luckily, both of these proof assistants layer on
additional tactics to support more natural use of non-primitive induction, making our approach somewhat
transferable. Indeed, Lean can be convinced that our substitution operations terminate after specifying
measures similar to those in Section via the termination by tactic.

One reviewer asked about another alternative: since we are merging _ > _ and _ F _ why not go
further and merge them entirely? Instead of a separate type for variables, one could have a term corre-
sponding to de Bruijn index zero (written e : I' > A F A and an explicit weakening operator on terms
(writen T :I' F B — I' > A = B). This has the unfortunate property that there is now more than
one way to write terms that used to be identical. For instance, the terms e 11 - o1 - eand (e 1 - @)1 - o
are equivalent, where e 1 1 corresponds to the variable with de Bruijn index two. A development along
these lines is explored in [24].

We see the current construction as a warmup for the definition of substitution for dependent type
theory This is harder, because then the typing of the constructors actually depends on the substitution
laws. Such a Miinchhausian [8]] construction should be possible in Agda. However, the theoretical
underpinning of inductive-inductive-recursive definitions is mostly unexplored, with the exception of
[16]]. There are potential interesting applications: strictifying substitution laws is essential to prove
coherence of models of type theory in higher types, in the sense of HoTT.

Hence an apparently trivial problem isn’t so easy after all, and it is a stepping stone to more exciting
open questions. But before you can run, you need to walk and we believe that the construction here can
be useful to others.
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