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Purely Ordered Logic (Lambek Calculus)

QF A
e A/n/t

QAF B 0.,BOr-C Qi+ A

QF A-B F Q. A>BQiQr+ C -

AQ+ B Q.BQr+-C Qi F A

L

QrA—-B " Q. Q4 A—BQrt C
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A:QFA

init A;QL) AvﬂR = C place
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Adding Linear Hypotheses

A:QFA
nit A;Q,AQr H C .
SAr A" AxA; Q,Qp chace
A,A;Ql—B A;QL,B,QRFC AA; - A

AQFAB ” AalAs: QA —<BQr F C



Adding Linear Hypotheses
A:QFA

A; QL,A,QR F C

TAFA™  AA a0 F cPéce
AAQF B A:Q,B Qg - C Ap, - HA
AQFA-B 7 Axlg QA <BQrF C -
A QAFB A;Q,B Qg - C Ap; Qa A

L

AQFA-B R AalAa: QA B QaQr F C

AAQFB A;Q,B Qg C Ap; Qp F A
AQFA—B 7 Aalg; Q. QnA—BQs F C *




Ordered Uniform Linear Logic Formulas

= P | Vx.G | Ix.G
| T | G&G
| O | Go G
| 1 | GeG | GoG
| D-»G | D—G | |G
| D—-G |G | D— G



Ordered Uniform Linear Logic Derivations

rAQF G A (Q2;Q) F D> P

focussed judgment represents
MA;Q,D,Qr - P



Ordered Uniform Linear Logic Derivations
rLAQFG A (Q;Qr) F D> P

r;Ao;Qo [ Go F;A1;Q1 F G1
r;A0MA1;Qo,Q1 F GOOG1

I Ag; Qo F Gy A Q0 F Gy
r;Aol><]A1;Q1,Qol— GoOG1 °R

rAQDRG rADQFG
rAQFD-G T TAQFD—G T
rADQRG D;AQF G

rAQFD -G P TAQFDSG 7



Ordered Uniform Linear Logic Derivations
rLAQFG A (Q;Qr) F D> P

A (Q:QR) FD>P

choi
LA QLD Q- P o008

AL Ag; (QL; QH) FD>P

choi
F;AL > D, AR;QL,QR P olcen

M D; A (Q2;Q) - D> P
FND;A;QL,QR P

choicer



Ordered Uniform Linear Logic Derivations

HAQF G A (Q;Qr) F D> P

I A; (QL;QF;) FD>P r;Ag;QG F G
r;AGlX]A;(QL;QG,QF;)l—G—»D»P L

LA (2;Q) F D> P I Ag Qg+ G
r;AGNA;(QL,Qg;QF;) FG—D>P L

HA(Q;QR) F D> P Ag -+ G
[ Ag< A (Q:QR) F GoD>P ©

A (Q2;QR) F D> P r,-- -G
NA(QQR)FG—-D>P L
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Meta-Circular Interpreter: Pure Linear Logic

Pure Linear Logic: A+G A+-D>P

ADF G AFD>P
AFD-G A=<DF P

A+-D>P AgF G
"FP>P AxiAg - G—oD > P




Meta-Circular Interpreter: Encoding

frm : type. atom : type.
atm : atom —> frm. =0 : frm — frm — frm.
hyp : frm — o. goal : frm — o.

focus : frm — atom — o.

AFG AFD>P

goal G. focus D P.
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Meta-Circular Interpreter: Encoding

frm : type. atom : type.
atm : atom —> frm. =0 : frm — frm — frm.
hyp : frm — o. goal : frm — o.

focus : frm — atom —> o.

goal (D =0 G) o— (hyp D —o goal G).
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Meta-Circular Interpreter: Encoding

frm : type. atom : type.
atm : atom —> frm. =0 : frm — frm — frm.
hyp : frm — o. goal : frm — o.

focus : frm — atom —> o.

goal (D =0 G) o— (hyp D —o goal G).
goal (atm P) o— hyp D, focus D P.

focus (atm P) P.
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Meta-Circular Interpreter: Encoding

frm : type. atom : type.
atm : atom —> frm. =0 : frm — frm — frm.
hyp : frm — o. goal : frm — o.

focus : frm — atom — o.

goal (D =0 G) o— (hyp D —o goal G).
goal (atm P) o— hyp D, focus D P.
focus (atm P) P.

focus (G =0 D) P o— focus D P, goal G.

AFD>P Ag+ G
Ax<Ag - G—oD> P




Meta-Circular Interpreter: Encoding

frm : type. atom : type.

atm : atom —> frm. =0 : frm — frm — frm.
= : frm — frm — frm. bang : frm — frm.

hyp : frm — o. goal : frm — o.

focus : frm — atom —> o.

ARG NnA+FD>P

goal G. focus D P.



Meta-Circular Interpreter: Encoding

frm : type. atom : type.

atm : atom —> frm. =0 : frm — frm — frm.
= : frm — frm — frm. bang : frm — frm.

hyp : frm — o. goal : frm — o.

focus : frm — atom —> o.

goal (D => G) o— (hyp D — goal G).
D;A +F G
NMAFD—=G




Meta-Circular Interpreter: Encoding

frm : type. atom : type.

atm : atom —> frm. =0 : frm — frm — frm.
=> ! frm — frm — frm. bang : frm — frm.

hyp : frm — o. goal : frm — o.

focus : frm — atom —> o.

goal (D => G) o— (hyp D — goal G).

focus (G == D) P o— focus D P, goal (bang G).

NMAFD>P T;,-FG
AFG—-D>P




Meta-Circular Interpreter: Encoding

frm : type. atom : type.

atm : atom —> frm. =0 : frm — frm — frm.
=> : frm — frm — frm. bang : frm — frm.

hyp : frm — o. goal : frm — o.

focus : frm — atom —> o.

goal (D == G) o— (hyp D — goal G).
focus (G => D) P o— focus D P, goal (bang G).

goal (bang G) o— !G.

.-+ G
r- +1G
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Ordered Linear Logic:
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Meta-Circular Interpreter: Ordered Linear Logic

Ordered Linear Logic:
MAQ+RG A (Q2;Q) F D> P

Problem: No way to represent split ordered context.

Solution: Remove need for splitting ordered context.
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Unsplitting Ordered Contexts



Residuation

Logically “compile” clause into new goal.

Removes need to split ordered context when focussing on
non-ordered clause.

I ALAR (2;Q8) F D> P

choi
r;ALa Da AR;QL7QR =P oreen

Mo D;A; (Q2;Q8) F D> P

choii
F<DAQ, Qn - P orocer
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Logically “compile” clause into new goal.
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Residuation

Logically “compile” clause into new goal.

G; D> P\Gp

G: D> P\Go

G; P> P\G G/;VX.D > P\HX.GO



Residuation
Logically “compile” clause into new goal.
Gi; D> P\Go

Gi; D> P\Go
G, P> P\G Gi; vx.D > P\ 3x.Gp

G, Dy > P\GO G/;D1>>P\G1

G, T>P\O Gi; Do& Dy > P\ Gy @ Gy



Residuation
Logically “compile” clause into new goal.
Gi; D> P\Go

Gi; D> P\ Go
G,P>P\G G;;vx.D> P\3x.Go

Gy Dy > P\Go G/;D1>>P\G1

G, T > P\O Gy Dy & Dy > P\Go@G1

GoG;; D> P\ Go GeG;; D> P\ Go
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Residuation
Logically “compile” clause into new goal.
Gi; D> P\Go

Gi; D> P\ Go
G,P>P\G G;;vx.D> P\3x.Go

Gy Dy > P\Go G/;D1>>P\G1

G, T > P\O Gy Dy & Dy > P\Go@G1

GoG;; D> P\ Go GeG;; D> P\ Go
G, G-D>P\Go G:G—D> P\Go

iGeG;; D> P\ Gop IGeG;; D> P\ Go
G;G—D> P\Gp G;G— D> P\Gp




Residuation

Logically “compile” clause into new goal.

G; D> P\Gp

New choice rules:

1, D> P\G LAQFG

FA=DQF P choicen

1, D> P\G < D;AQF G
Fr<D;:N;QF P
No split ordered contexts.

choicer




Remove Ordered Choice

A (Q:Qr) F D> P
MAQ,D,Qgr - P

choiceq

» We cannot residuate away ordered choice context split.



Remove Ordered Choice

A (Q:Qr) F D> P
MAQ,D,Qgr - P

choiceq

» We cannot residuate away ordered choice context split.

» So let’s just remove ordered choice entirely.



Use Placeholders
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Use Placeholders

i Py, Py > Po— P, Py P

can be transformed to

Qe > P> P~ PP, Qp PP



Use Placeholders

= S PQ,QP,P1|— P2 OP1OQPO1

S Qp = Py > Py PP, Qp. P, - P COICEA

E:1;QP—»P1—»P2>—>P>>P\P20P1OQPO1



Use Placeholders

5Po Py 55 Qp, Pr E Py oQpo
= P2, Qp,P1 F PrePioQpot

g
choicea

==1,Qp Py —>Po— P> P\PePioQpo1i



Use Placeholders

aa Py Py ';';QPl_QPO1O
5P P 5 Qp,Pr F ProQpotl "
= P2, Qp, P - PoePioQpot A

5 Qp = Py —> P~ P P2, Qp, Pr = P choicen

==1;,Qp>»>P1 > Po— P> P\PyePioQpo1
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Uniform Atomic Ordered Linear Logic Syntax

» Distinguished placeholder predicate: Qx (x is a term).
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E == D| Qc—D



Uniform Atomic Ordered Linear Logic Syntax

v

Distinguished placeholder predicate: Qx (x is a term).
Extend goal formulae with placeholders:

v

G = Q| P| ...

v

New kind of (modified) clause formulae:

E == D| Qc—D

v

Demoted ordered context:

w o= - | w, O where x not in w



Uniform Atomic Ordered Linear Logic Syntax

v

Distinguished placeholder predicate: Qx (x is a term).
Extend goal formulae with placeholders:

v

G = Q| P| ...

v

New kind of (modified) clause formulae:

E == D| Qc—D

Demoted ordered context:

v

w o= - | w, O where x not in w

Modified linear context:

v

b == - |4 E
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Uniform Atomic Ordered Linear Logic Derivations

Mowhk G

r;5, QX—»D;W, Qx = G
r;wk D —G

g (X new)



Uniform Atomic Ordered Linear Logic Derivations
Mho,whk G

I0,Q —» D;w, Q- G

owkD—G A (X new)

r;(S,QX_»D;Qx,OJ H G

MowrD—G F(xnew)




Uniform Atomic Ordered Linear Logic Derivations
Mho,whk G

I0,Q —» D;w, Q- G

owkD—G A (X new)
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MowrD—G F(xnew)
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Uniform Atomic Ordered Linear Logic Derivations
Mho,whk G

I0,Q —» D;w, Q- G

owkD—G A (X new)

r;(S,QX_»D;Qx,w H G

MowrD—G F(xnew)

mchomew
1,E> P\G owhk G

o~<Ewk P choices




Uniform Atomic Ordered Linear Logic Derivations
Mho,whk G

I0,Q —» D;w, Q- G

owkD—G A (X new)

r;é,QXﬁD;Qx,w H G
é;whkD— G

— g (X new)

mchomew
1,E> P\G owhk G

o~<Ewk P choices

1,E> P\G lrN< E: 6;w - G

r<E;6;w bk P choicer
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OLL syntax in Olli

trm : type.

atom : type

place : trm —> atm.

#:frm > frm —> frm.

& :frm —>frm —> frm.
forall : (trm —> frm) —> frm.
->>:frm -> frm -> frm.
——o frm ->frm -> frm.
*:frm—>frm —-> frm.
gnab : frm —> frm.

frm : type.

atm : atom -> frm.

one : frm.

zero : frm.

top : frm.

exists : (trm -> frm) —> frm.
>=>:frm -> frm -> frm.
——>:frm —-> frm -> frm.
<>:frm->frm -> frm.
bang : frm —> frm.



Encoding of Residuation

resid : frm —> frm -> atm -> frm —> o.
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Encoding of Residuation

resid : frm —> frm -> atm -> frm —> o.
resid G (atm P) P G.
resid G top P zero.
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resid G DO P GO e resid G D1 P G1.
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Encoding of Residuation

resid : frm —> frm —> atm -> frm -> o.
resid G (atm P) P G.
resid G top P zero.
resid G (DO & D1) P (GO # G1) «
resid G DO P GO e resid G D1 P G1.
resid Gi (forall D) P (exists Go) « Vy. resid Gi (D y) P (Go y).

resid Gi (G ->> D) P Go « resid (G <> Gi) D P Go.
resid Gi (G >-> D) P Go « resid (G * Gi) D P Go.



Encoding of Residuation

resid : frm —> frm —> atm -> frm -> o.
resid G (atm P) P G.
resid G top P zero.
resid G (DO & D1) P (GO # G1) «
resid G DO P GO e resid G D1 P G1.
resid Gi (forall D) P (exists Go) « Vy. resid Gi (D y) P (Go y).
resid Gi (G ->> D) P Go « resid (G <> Gi) D P Go.

resid Gi (G >-> D) P Go « resid (G * Gi) D P Go.
resid Gi (G -——o D) P Go « resid (gnab G * Gi) D P Go.



Encoding of Residuation

resid : frm —> frm -> atm -> frm —> o.

resid G (atm P) P G.

resid G top P zero.

resid G (DO & D1) P (GO # G1) «
resid G DO P GO e resid G D1 P G1.

resid Gi (forall D) P (exists Go) « Vy. resid Gi (D y) P (Go y).

resid Gi (G ->> D) P Go
resid Gi (G >-> D) P Go
resid Gi (G -—o D) P Go
resid Gi (G --—> D) P Go

“«
“
“
“«

resid (G <> Gi) D P Go.
resid (G * Gi) D P Go.
resid (gnab G * Gi) D P Go.
resid (bang G * Gi) D P Go.
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hyp : frm —-> o. goal : frm —> o.
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Encoding of Derivations

hyp : frm —-> o. goal : frm —> o.

goaltop « T.
goal (GO & G1) « goal GO & goal G1.
goal (GO # G1) « goal GO @& goal G1.

goal (forall G) « Vx. goal (G x).
goal (exists G) « goal (G X).

goal (gnab G) « | (goal G).
goal (bang G) « ! (goal G).



Encoding of Derivations

hyp : frm —-> o. goal : frm —> o.

goaltop « T.
goal (GO & G1) « goal GO & goal G1.
goal (GO # G1) « goal GO @& goal G1.

goal (forall G) « Vx. goal (G x).
goal (exists G) « goal (G X).
goal (gnab G) « | (goal G).
goal (bang G) « ! (goal G).

goal one « 1.
goal (G *H) « goal G e goal H.
goal (G <> H) « goal G o goal H.



Encoding of Derivations Continued

goal (D ->> G) «
Vx . hyp (atm (place x) —>> D) — hyp (atm (place x)) — goal G.



Encoding of Derivations Continued
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Encoding of Derivations Continued

goal (D ->> G) «

Vx . hyp (atm (place x) —>> D) — hyp (atm (place x)) — goal G.
goal (D >-> G) «

Vx . hyp (atm (place x) ->> D) — hyp (atm (place x)) — goal G.
goal (D --o G) « hyp D — goal G.
goal (D ——> G) « hyp D — goal G.



Encoding of Derivations Continued

goal (D ->> G) «
Vx . hyp (atm (place x) —>> D) — hyp (atm (place x)) — goal G.

goal (D >-> G) «
Vx . hyp (atm (place x) ->> D) — hyp (atm (place x)) — goal G.

goal (D --o G) « hyp D — goal G.
goal (D ——> G) « hyp D — goal G.

goal (atm P) < hyp D e resid one D P G e goal G.
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